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Special Values of Triple Product L-Functions




$\Gamma_{1}:=SL_{2}(\mathrm{Z})$ $k\in \mathrm{z}_{>0}$ cusp form $S_{k}(\Gamma_{1})$
$f(z)=n=1 \sum a(n, f)e^{2\pi in}z\in S_{k}(\mathrm{r}1)$
normalized Hecke eigenform $p$




Normalized Hecke eigenforms $f\in S_{k}(\mathrm{r}_{1}),$ $g\in S\iota(\mathrm{r}1),$ $h\in S_{m}(\Gamma_{1})$
triple product $L$-function $\mathrm{B}\grave{\grave{>}}$
$L(s, f \otimes g\otimes h):=\prod_{p\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{m}\mathrm{e}}\det(1_{8^{-}}p^{-s}Mp(f)\otimes M_{p}(g)\otimes M_{p}(h))^{-1}$ (1.1)
(1.1) $\delta>0$ ${\rm Re}(s)\geq(k+l+m-1)/2+\delta$
– (1.1) $s$ - $[$Ga2, Sa, $\mathrm{O}\mathrm{r}]_{\text{ }}$
[Ik] $k\geq l\geq m$ $k<l+m$
$L(s, f\otimes g\otimes h)$ :
$\frac{k+l+m}{2}-1\leq n\leq l+m-2$ $n\in \mathrm{Z}$ (1.2)
$\frac{L(n,f\otimes g\otimes h)}{\pi^{4n+-k-\iota_{-}m}(3f,f)(g,g)(h,h)}\in \mathrm{Q}(f, g, h)$ . (1.3)
$(, )$ Petersson $\mathrm{Q}(f,g, h)$ $f,$ $g,$ $h$ Hecke
$\mathrm{Q}$ (1.2) [De] critical
points ( )
1173 2000 61-71 61
(1.3) ( ) $[\mathrm{G}\mathrm{a}2][\mathrm{O}\mathrm{r}]$
:
$(((E_{k}^{(3)}(,$ $s),$ $f(\mathcal{Z}1)),$ $( \delta_{l}g(\frac{k-l}{2}))(z_{2})\mathrm{I},$ $(\delta^{(\frac{k-m}{2})}mh)(_{Z}3))$





([ $\mathrm{G}\mathrm{a}2$ , Theorem (1.3)] [Or, Theorem 1] 4
) $E_{k}^{(3)}(Z, s)$ $Sp_{6}(\mathrm{Z})$ Eisenstein series (
(3.2) $)$ , $\delta_{m}^{(r)}$ $2r$ Maass operator :
$\delta_{m}:=(2\pi i)-1{\rm Im}(Z)^{-}m\frac{\partial}{\partial z}{\rm Im}(Z)^{m}$ ;
$\delta_{m}^{(r)}:=\{$
$\delta_{m+r-}22\ldots\delta+m2\delta m$ ( $r\in \mathrm{Z}>0$ ),
$\mathrm{i}\mathrm{d}$ ( $r=0$ ).
(1.3) (1.4)
:
(1) $\nu\in \mathrm{z}_{\geq 0}$
$E_{k}^{(3)}(\}-\mathrm{t}\text{ })$ (1.5)
Fourier $E_{k-2}^{(3)}(\nu z, 0)$ Fourier
$E_{k}^{(3)}(z, \mathrm{o})$ Fourier
[ $\mathrm{B}\ddot{\mathrm{o}}3$ , Kil, Kat 1, Kat2]




$\nu$ ( $\mathrm{D}^{(\nu)}$ $E_{k-2\nu}^{(3)}(z, s)$
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Maass operator $E_{k}^{(3)}(Z, S-U)$
: Maass operator
holomorphic differential operator [Ibl] [Ib2] (1.4)
(2) )
(1.3) $f$
2 nearly holomorphic Eisenstein lift [Mi3]
2.
$f\in s_{k()}\Gamma_{1}$ normalized Hecke eigenform 2 Siegel $H_{2}$
$Z$ [ $f1^{2}1(Z, S)$ $f$ $Sp_{4}(\mathrm{Z})$ Klingen
Eisenstein ( (3.1)) [B\"o4, $\mathrm{G}\mathrm{a}1$ ]( $=$ (4.1). cf. [Sa])
(1.4) :
$(([f]_{1}^{2}(,$ $s),$ $(\delta_{\iota^{\frac{k-l}{2})}}^{(}g)(z)),$ $( \delta_{m}^{(}\frac{k-m}{2})h)(w))$




$L_{2}(s, f):= \prod_{p\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{m}\mathrm{e}}\det(1_{3}-p^{-s_{\mathrm{S}}}\mathrm{y}\mathrm{m}(2M_{p}(f)))-1$ (2.2)
$f$ symmetric square $L$-function
[Za]. [Sh2] $[f]_{1}^{2}(Z, -\nu)$ $( \nu\in \mathrm{Z};0\leq\nu\leq\frac{k}{2}-2)$ Fourier
${\rm Im}(Z)-1$ (cf. [Mi3])
( )
$[f]_{1}^{2}(,$ $-\nu)$
$z,$ $w$ ([Shl] )
(2.1) triple product L-function
:
3 (1.4) Klingen Eisenstein series 2




$n\in \mathrm{Z}_{>0}$ $\Gamma_{n}:=Sp_{2n}(\mathrm{Z})$ $H_{n}$ $n$ Siegel
$n,$ $k\in \mathrm{z}_{>0}$ $\Gamma_{n}$
$k$ cusp form $S_{k}(\Gamma_{n})$
$S_{k}(\Gamma 0):=\mathrm{C}$
$n\in \mathrm{z}_{>0}$ $n\geq r$ $r\in \mathrm{z}_{\geq 0}$
$\triangle_{n,r}:=\{$ ( $*r$ $**)\in\Gamma_{n}\}$
( $\Gamma_{n}$ ) $k$ $f\in S_{k}(\Gamma_{r})$ Langlands
$[\mathrm{L}\mathrm{a}]-\mathrm{K}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{n}[\mathrm{K}1]$ Eisenstein
$[f]_{r}^{n}(z, s)$ $:=$ $\sum$ $( \frac{\det({\rm Im}(M\langle z\rangle))}{\det({\rm Im}(M\langle z\rangle^{*}))})^{s}f(M\langle z\rangle*)\det(cZ+D)^{-k}$ (3.1)
$M:\triangle_{n,\Gamma}\backslash \Gamma n$
$s\in \mathrm{C}\backslash Z$ $H_{n}$ $M=$
$\triangle_{n,r}\backslash \Gamma_{n}$ –
$M\langle Z\rangle:=(AZ+D)(CZ+D)^{-1}$
$M\langle Z\rangle^{*}$ $M\langle Z\rangle$ $r\cross r$ block (3.1)
$\delta>0$





(3.1), (3.2) $s$ s-
[B\"o4, Di, Kal, La, $\mathrm{M}\mathrm{i}2$ ]
$r>0$ $\mathrm{e}(x):=e2\pi ix$ $\sigma$ trace
Proposition. [Sh2](cf. [Mi3]) $k-2 \nu\geq\frac{n+r}{2}+2$ $\nu\in \mathrm{Z}\geq 0$
$[f]_{r}^{n}(z, s)$ $s$ $s=-\nu$ Fourier
$[f]_{r}^{n}(z, - \nu)=\tau\geq\sum a(T, \mathrm{Y}, [f]_{r}n(*, -\nu))\mathrm{e}(\sigma(Tz))0$
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( $T$ size $n$ (semi-integral) )
$a(T, \mathrm{Y}, [f]_{r}^{n}(*, -\nu))$ $Y^{-1}$
$\mathrm{Y}^{-1}$ $a(T, \mathrm{Y}, [f]_{r}^{n}(*, -\mathcal{U}))$
$c(T, [f]_{r}n(*, -\mathcal{U}))$
$c(T, [f]_{r}^{n}(*, -\nu))$
$A_{n}$ size $n$ $A_{n}^{+}:=\{T\in$
$A_{n}|T>0\}$ $Z\in H_{r}$ $T\in A_{n}^{+}$
$\theta_{T}^{(r)}(z):=\sum_{G\in \mathrm{z}(n,r)}\mathrm{e}(\sigma(T[G]z))$





$\tilde{D}(s, \varphi, \psi):=\sum_{GT\in A_{f}^{+}/Lr(\mathrm{z})}’\frac{a(\tau_{\varphi})\overline{a(\tau,\psi)}}{\epsilon(T)}\det(T)-s$ (3.3)
$GL_{n}(\mathrm{Z})$ $A_{n}^{+}$ $Trightarrow T[U]$
$T$ $\epsilon(T)$
$E_{k-2}^{(n)}(\nu z):=E_{k-2}^{(n}()\nu z,$ $\mathrm{o})$ Fourier
$E_{k-2}^{(n)}( \nu Z)=\sum_{T\in A_{n}}a-2\nu((n))k(T\mathrm{e}\sigma(Tz))$
Hecke eigenform $f(Z)\in S_{k}(\Gamma_{r})$ standard $L$
$L$ ( $s,$ $f$ , St) $:= \prod_{p\mathrm{P}^{\mathrm{r}}\mathrm{i}\mathrm{m}\mathrm{e}}\{(1-p^{-})sj\prod_{=1}^{r}(1-\alpha j(p)p-s)(1-\alpha_{j(p})^{-}1p-S)\}^{-1}$
$(\alpha_{1}(p), \cdots, \alpha_{r}(p))\in(\mathrm{C}^{\cross})^{r}$ $f$ Satake p-parameters
[Sh3] Euler $\delta>0$ ${\rm Re}(.s) \geq\frac{r}{2}+1+\delta$
$\alpha:A_{n}^{+}arrow \mathrm{C}$





$\alpha^{*}:$ $A_{n}^{+}arrow \mathrm{C}$ – ( $\mathrm{Z}_{*}^{(n)}$ $\mathrm{Z}$ $n$
) $\alpha^{*}$ (3.4) [B\"o-Ra]
Theorem. $n\in \mathrm{z}_{>0},$ $k\in 2\mathrm{z}_{>0},$ $r\in \mathrm{Z},$ $0<r<n$ $f\in S_{k}(\Gamma_{r})$
Hecke eigenform
$k-2 \nu\geq\max(\frac{n+r}{2},$ $\frac{3}{2}r)+2$
$\nu\in \mathrm{z}_{\geq 0}$ $T\in A_{n}^{+}$ :
$( \frac{c(T,[f]_{r}n(*,-\mathcal{U}))}{\det(\tau)\nu})^{*}=C_{r}^{n}(k, \nu)\zeta(k-2\nu)\prod_{j=1}^{r}\zeta(2k-4\nu-2j)$





(1) $\nu=0$ (3.5) [B\"ol, B\"o-Ra, Ki2] –
(2) (3.5) $a_{k-2\nu}^{(n)}(T)^{*}$ [Kat2, B\"o3,
$\mathrm{K}\mathrm{i}1]$
(3) $f$ Fourier (3.5) $\pi^{-\nu(n-\Gamma)}$
[Mi3]







$= \gamma_{r_{)}k(_{S})}\frac{L(2s+k-\Gamma,f,\mathrm{S}\mathrm{t})}{\zeta(2s+k)\prod_{j}r\zeta=1(4S+2k-2j)}[f]_{r}n(z, S)$ (4.1)
$(\gamma_{r},k(s)$ Gamma factor) Fourier
$\sum_{T}c(T, Y, S)\mathrm{e}(\sigma(\tau X))$
( $T$ size $n$ ) $T>0$ (4.1)
$c(T, Y, -\nu)e2\pi\sigma(TY)$ ( $Y^{-1}$ )
[B\"o-SP] $c(T, Y, s)$ confluent hypergeometric
function $Y=\lambda T^{-1}(\lambda\succ 0)$
$c(T, \lambda T^{-}1, s)e2\pi n\lambda=h(s, \lambda)A(\tau, s)$ (4.2)
( $[\mathrm{B}_{\ddot{\mathrm{O}}}- \mathrm{S}\mathrm{P}]$ $\lambda=1$ )
$h(s, \lambda)$ confluent hypergeometric function
$A(T, s)$ Dirichlet $A(T, s)^{*}$ $s=-\nu$
$A(T, -\nu)*=$. $a_{k-2\nu}(n)( \tau)*.\tilde{D}(k-\nu-\frac{r+1}{2}, f, \theta_{T}^{()}r)$
[Mi3]
$c(T, Y, -\nu)e^{2\sigma()}\pi TY=\det(Y)^{-\nu}p(\mathrm{Y})$ (4.3)
$p(Y)$ $Y$ $\det(Y)^{-\nu}p(Y)$ $Y^{-1}$
(4.2) $s=-\mathcal{U}$ $\lambda^{-1}$
(4.3) ( $Y^{-1}$ )
- confluent hypergeometric function $h(-\nu, \lambda)$
( $\lambda^{-1}$ )
(4.3) $A(T, -\nu)$ $(4.\dot{1})$
5. Triple product
3 2 triple product $L$-function







$\triangle_{12},$ $E_{12},$ $\delta_{10^{E_{10}}},$ $\delta_{8}^{(2)}E_{8},$ $\delta_{6}^{(3)}E_{6},$ $\delta_{4}^{(4)}E_{4}$
[Mi3] Siegel operator $\Phi_{t}$











$f\in S_{k}(\Gamma 1)$ normalized Hecke eigenform $-\det(2\tau)$ fundamental






. $\det(2\tau)^{\nu}\cdot L(2\nu+2-k,$ $(^{\underline{-\det(2}}*)T))$
. $\frac{D(k-\nu-1,f,\theta_{T}^{()}1)}{L_{2}(2k-2-2\nu,f)}$ (5.3)
$( \nu\in \mathrm{Z}, 0\leq\nu\leq\frac{k}{2}-2)$ (3.3)
$D(s, \varphi, \psi):=\sum_{m=1}^{\infty}a(m, \varphi)\overline{a(m,\psi)}m^{-S}$
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$\tilde{D}(s, \varphi, \psi)=\frac{1}{2}D(s, \varphi, \psi)$
[Za, p. 147, Proposition 6] ( $(-1)^{\nu}$
) l
$\frac{D(7,\triangle_{12},\theta(1))N}{\pi^{11}(\triangle_{12},\triangle 12)}=\{$
$\frac{2^{14}}{3^{2}\cdot 5^{2}\cdot 7}$ $(N=\text{ })$ ,
$\frac{2^{18}}{3^{4}\cdot 5^{2}\cdot 7}$ $(N=(\mathrm{O}\text{ })$ ,
[Za, p. 116]
$\frac{L_{2}(14,\triangle_{12})}{\pi^{17}(\triangle_{12},\triangle_{1}2)}=\frac{2^{17}}{3^{5}\cdot 5^{2}\cdot 7^{2}\cdot 11\cdot 13}$ .
$L(-2,$ $(_{*}^{\underline{-3}}))=- \frac{2}{32}$ , $L(-2,$ $(_{*}^{\underline{-4}}))=- \frac{1}{2}$
(5.3)
$c(,$ $[ \triangle_{12}]_{1}^{2}(*, -4))=\frac{2^{9}\pi^{4}}{5}$ ,




$\xi=\frac{(([\triangle_{12}]_{1}^{2((\begin{array}{ll}z 00 w\end{array}),)z}-\nu,\triangle 12()\mathrm{I},\triangle 12(w))}{(\triangle_{12},\triangle_{12})2}$
(2.1) $L(17, \triangle_{12}^{\otimes 3})$
$\nu=0,1,2,3$ :
Proposition. $17\leq m\leq 22$ $m$
$A(m):= \frac{L(m,\triangle_{12}^{\otimes 3})}{\pi^{4m-33}(\triangle 12,\triangle_{1}2)^{3}}$
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:[Za, $\mathrm{P},$ $120$] symmetric third L-function $L_{3,\triangle}(m)$
Remark.
Mixed weight case $\triangle_{16}\in S_{16}(\Gamma_{1})$
normalized cusp form
$\frac{L(26,\triangle_{12}\otimes\triangle_{16}\otimes\triangle_{1}6)}{\pi^{63}(\triangle 12,\triangle_{1}2)(\triangle 16,\triangle_{16})2}=\frac{2^{63}}{3^{18}\cdot 5^{10}\cdot 75.11^{3}\cdot 13317\cdot 19\cdot 23\cdot 691}.\cdot$
[Mil]
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